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First-principles calculations are performed to investigate atomic and electronic structures of Naþ and Kþ ions substituting for Ca2þ in
hydroxyapatite (HAp). Formation energies of the substitutional defects are obtained from total energies of defective HAp supercells and
chemical potentials determined by assuming chemical equilibrium between HAp and HAp-saturated aqueous solution containing Naþ or Kþ. It
is found that substitutional Naþ with a charge-compensating interstitial proton is more stably formed, as compared to substitutional Kþ. This
may be related to the fact that Naþ is generally more abundantly involved in bones and tooth enamels than Kþ.
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1. Introduction
It is well known that an inorganic component of bone
and tooth in human beings is hydroxyapatite (HAp,
Ca10(PO4)6(OH)2) but contains various kinds of trace
elements and point defects in its crystal lattice.1,2) As trace
elements, sodium (Naþ) and magnesium (Mg2þ) are main
cationic impurities in HAp components of human enamels
and bones (around 0.5–1.0mass%), and a lesser amount of
potassium (Kþ, 0.03–0.10mass%)) is also included. In
contrast, the typical anionic impurities are 4–8mass% of
carbonate (CO3
2) and  less than 0.3mass% of fluoride
(F) and chloride (Cl). Since these trace elements affect
physical and chemical properties of biological HAp, it is
important to understand a formation mechanism and ther-
modynamic stability of the impurity ions in HAp.
Among the trace elements involved in biological HAp,
monovalent cations of Naþ and Kþ are investigated in the
present study. This is because Naþ and Kþ impurities are
expected to play important roles in bone mineralization, cell
adhesion, and biochemical processes.3–5) When atomic-level
location of the monovalent impurities is considered, it is
likely that the impurities substitute for Ca2þ ions in the HAp
lattice. The ionic radius of Naþ (0.102 nm) is close to that of
Ca2þ (0.100 nm), while Kþ (0.138 nm) is much larger in
size.6) Such ionic-size differences will also influence stability
of the substitutional impurities. Moreover, substitutions of
Naþ and Kþ at Ca2þ sites of HAp result in charge imbalance,
and thus formation of extra charge compensating defects is
required so as to maintain charge neutrality of the system. In
order to understand a defect formation mechanism of
substitutional Naþ and Kþ, electronic and atomic structures
of the substitutional defects in HAp are calculated in a first-
principles manner, and their formation energies and essential
factors to determine their defect stability are investigated.
So far, a number of first-principles studies of point defects
in HAp have been reported.7–14) In particular, our research
group recently proposed the thermodynamic treatment of
first-principles total energies to analyze defect stability under
chemical equilibrium between solid and aqueous solution.
The methodology was applied to intrinsic and extrinsic
defects in calcium phosphates, and revealed the effect of
solution pH on formation energies and concentrations of the
defects.12–14) Since the chemical equilibrium condition with
aqueous solution is important to consider the point defect
chemistry in HAp, the above methodology is also used in
the present study to analyze thermodynamic stability of
substitutional Naþ and Kþ defects.
2. Computational Method
The projector augmented wave (PAW) method, imple-
mented in VASP,15–17) is used to calculate electronic and
atomic structures of substitutional Naþ and Kþ in HAp. The
generalized gradient approximation (GGA) in the functional
form by Perdew, Bruke and Ernzerhof is used for the
exchange-correlation potential.18) Electronic wave functions
are expanded by plane waves up to a cutoff energy of 500 eV,
and all atoms in unit cell and supercells are allowed to relax
until the atomic forces converge to less than 0.5 eV/nm.
Figure 1 shows the hexagonal unit cell of HAp (space
group P63=m) viewed along the c axis.
19,20) In this structure
having total 44 atoms, each P atom is coordinated by four
oxygen atoms, forming PO4 tetrahedra with a P-O bond
length of about 0.16 nm, OH groups are arranged along the
c axis, and there are two different Ca sites (Ca-1 and Ca-2).
Ca-1 is surrounded by six PO4 tetrahedra, and then its
coordination number with the first nearest neighboring (NN)
oxygen atoms at vertices of the PO4 tetrahedra and that with
the second NN ones are six and three, respectively. In the
case of Ca-2, the first NN coordination number with oxygen
is six, and one more oxygen atom is situated at the second NN
site. However, it is noted here that an OH group arranging
along the c axis is located at the first NN site of Ca-2.
For defect calculations, 352-atom supercells are generated
by doubling the HAp unit cell in three dimensions. One of
Ca2þ ions in the supercell is replaced by Naþ and Kþ, and the
supercell total energy is calculated with structural optimiza-
tion of all atoms in the supercell. In the supercell calcu-
lations, only the  point is used for Brillouin-zone sampling.
Based on total energies ET of the perfect and defective
352-atom supercells, formation energies (Hf ) of substitu-*Graduate Student, Kyoto University
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tional Naþ and Kþ in HAp are evaluated. Detailed
description of the formula for Hf is also given else-
where,12–14) and thus a number of important issues are briefly
described. When an ionic species i with an ionic charge zi is
removed (li ¼ 1) or added (li ¼ 1) to form a defect with an
effective charge q in HAp, its formation energy can be
generally written as




Here i indicates a chemical potential for the ionic species i.
In this study, the chemical potential i is determined by
assuming chemical equilibrium between HAp and the
aqueous solution saturated with respect to HAp. Hence, the
following equation of electrochemical potentials for the ionic
species i in the solid HAp and the aqueous solution phases
( i,HAp and i,aq) is satisfied,
i,HAp ¼ i,aq: ð2Þ
In terms of inner potentials for HAp and the saturated
aqueous solution ((HAp) and (aq)), the chemical potential i
is given by
i,HAp ¼ i,aq þ zið(aq)  (HAp)Þ ¼ i,aq þ ziaqHAp: ð3Þ
Substituting eq. (3) into (1) gives the following equation,




lii,aq  qaqHAp: ð4Þ
Here the following relation between the ionic charge zi and





The inner potential difference of the last term in the right-
hand side of in eq. (4) cannot be calculated theoretically.
However, this electrostatic term should be cancelled out due
to the charge neutrality requirement in HAp. In the present
case, in order to evaluate the thermodynamic stability of Naþ
and Kþ ions substituting for Ca2þ in HAp (these are denoted
as Na0Ca and K
0
Ca according to the Kro¨ger-Vink notation),
interstitial protons (Hi ) and OH
 vacancies (VOH) are
considered as the charge compensating defects. In practice,
therefore, defect formation reactions of Na0Ca þ Hi , Na0Ca þ
VOH, K
0
Ca þ Hi , and K0Ca þ VOH are explicitly investigated.
Finally, the chemical potential for the ionic species i in
aqueous solution i,aq is expressed as
i,aq ¼ i,aq þ kBT ln ai: ð6Þ
i,aq means a standard chemical potential, kB is the
Boltzmann constant, T is a temeprarure (T ¼ 298K through-
out this study), and ai is an activity. The detailed procedure
to evaluate the quantity of i,aq was described elsewhere in
detail, where experimental thermodynamic data (e.g., the
standard Gibbs formation energy for i in aqueous solution)
were used.12–14,21)
On the other hand, for the activity ai, acitivity coefficients
are approximated to be 1.0 throughout the present study,
because HAp is sparingly soluble in water and thus the
saturated solution is considered as a dilute solution. In
addition, it is assumed that the saturated solution contains
Naþ or Kþ ions at a given concentration (¼ 1:0 103mol/
L, in this study). Ionic concentrations in the HAp-saturated
solution containing Naþ or Kþ are obtained in the manner
described in Refs. 13) and 14), where experimental data of
the solubility product for HAp, the ionic product of water,
three kinds of acid dissociation constants for phosphate
ions (HPO24 ¼ PO34 þ Hþ, H2PO4 ¼ HPO24 þ Hþ, and
H3PO4 ¼ H2PO4 þ Hþ), and charge neutrality requirement
in the solution are used. Since ionic concentrations in the
saturated solution depend on solution pH,12,22) chemical
potentials for the ionic species also exhibit pH dependence.
As described above, the present study attempts to evaluate
formation energies of substitutional Naþ and Kþ in HAp,
under chemical equilibrium between HAp and the saturated
aqueous solution. In such a case, since the situation that HAp
crystals are surrounded by the aqueous solution is assumed, a
solvent effect could be important in total energy calculations
for HAp supercells,23) which, however, is not taken into
Fig. 1 Crystal structures of hexagonal HAp viewed along the c axis. The
PO4
3 groups are represented by the tetrahedra.
Fig. 2 Optimized atomic structure of substitutional Naþ at Ca-2. In order
to show the atomic coordination clearly, the first NN atoms are connected
to the defect by the solid lines, while the second NN oxygen atom by the
broken line.
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account explicitly and is also beyond the scope of this study.
Instead, it is simply considered here that the substitutional
defects and other charge-compensating defects are formed at
atomic sites in bulk HAp far away from the surface, by ion
exchange with ions dissolving in aqueous solution.
3. Results and Discussion
3.1 Atomic structures around the substitutional defects
When substitutional Naþ and Kþ defects are introduced in
HAp, the surrounding ions or ion groups may undergo
structural relaxation due to differences of the ionic radii and
ionic charges from those of Ca2þ. In order to investigate
detailed atomic coordinations of the defects, interatomic
distances from the defects to the surrounding ions and their
coordination numbers are listed in Table 1.
For substitutional Naþ at the Ca-1 site, the relaxed atomic
structure is also displayed in Fig. 2. In this case, it is found
from Table 1 that the first NN oxygen atoms move outward
from the defect by about 2.5%. This can be understood from
the slightly larger ionic radius of Naþ (0.102 nm) than that
of Ca2þ (0.100 nm).6) In addition, Naþ substituting for Ca2þ
has a negative effective charge of 1 (Na0Ca), and thus the
negatively charged oxygen ions at the first NN sites tend to
exhibit outward relaxation due to the electrostatic repulsion
with the Naþ defect. This tendency is applicable to the case
of the ionic substitution at Ca-2. Although the interatomic
distances from Ca2þ or Naþ at the Ca-2 site to the first NN
oxygen atoms range from 0.235 nm to 0.257 nm, the average
distance for substitutional Naþ at Ca-2 (0.247 nm) is by
2.5% larger than that for Ca2þ at Ca-2 of the perfect HAp
lattice (0.241 nm). It is also noted that, in formation of
substitutional Naþ at Ca-2, a hydrogen atom is present as
the first NN from the defect (at 0.243 nm in distance). The
hydrogen atom originally belongs to the OH group located at
the first NN site from the Ca-2 site, and yet displaces
inwardly due to electrostatic attraction between the pos-
itively charged hydrogen atom and the negatively charged
substitutional Naþ. In practice, such an inward relaxation of
the hydrogen atom is realized by rotation of the OH group,
as can be seen in Fig. 2.
In the similar way to the Naþ substitutions, the substitution
of Kþ induces outward relaxations of the surrounding oxygen
atoms. Since Kþ has a much larger ionic radius (0.138 nm)
than Ca2þ and Naþ,6) however, the magnitude of the outward
relaxations of about 9% is larger, as compared to the Naþ-
substitution cases.
3.2 Formation energies
Based on total energies of the defective supercells,
formation energies of substitutional Naþ and Kþ are
evaluated. It is noted that the defects have a negative
effective charge of 1 because Naþ and Kþ replace Ca2þ
(Na0Ca and K
0
Ca), and thus additional charge-compensating
defects need to be formed so as to keep charge neutrality of
the system. As stated before, therefore, an interstitial proton
(Hi ) and an OH
 vacancy (VOH) are considered as the charge
compensating defects.
In our previous paper,12) the Hi and V

OH defects were
already calculated in the same manner with the present
supercell calculations, and the total energies then obtained
are used to evaluate the defect reaction energies for Na0Ca and
K0Ca. It is worth mentioning here that a number of interstitial
sites for Hi in HAp were investigated but the interstitial site
attached to the OH group was found to be most stable for
the proton,12) whose result is used in the present study. It is
also noted that no interactions of Na0Ca and K
0
Ca with the
charge compensating defects are explicitly taken into account
at the moment. Effects of the defect association will be
described later.
Figure 3 indicates calculated formation energies of Na0Ca
and K0Ca as a function of solution pH. In order to obtain the
formation energies, Naþ and Kþ concentrations ([Naþ],
[Kþ]) in the aqueous solution saturated with respect to HAp
are assumed to be 1:0 103mol/L. Although real body
fluids and serum contain different amounts of Naþ
(101mol/L) and Kþ (103 mol/L) ions,24) the same
value for [Naþ] and [Kþ] is employed here to make direct
comparison of the defect formation energies. It can be seen
that, in the respective cases of Na0Ca and K
0
Ca, the defect-
formation energies with charge compensating Hi are smaller,
as compared to those with VOH. This is because, in HAp,
formation of Hi is more stable than that of V

OH over the
entire pH range, which was found in Ref. 12). Regarding the
site preference of the substitutional defects, it is found that
both Na0Ca and K
0
Ca favor substitutions at the Ca-1 site than
those at the Ca-2 site.
In addition, Fig. 3 shows that Na0Ca formation is energeti-
cally more favorable (by about 0.3 eV per defect) than K0Ca.
This can be imagined from the fact that the larger-sized Kþ
substitution than the Naþ case induces larger atomic
relaxations of the surrounding atoms (see Table 1), which
results in the more elastic-energy expense by the substitution.
Since the ionic size effect on the defect formation energies of
substitutional divalent cations in HAp was previously
investigated,14) the formation energies of Na0Ca and K
0
Ca at
solution pH ¼ 7 are plotted against the ionic radii in Fig. 4,
together with the results for substitutional divalent cations.14)
It is noted that the ionic concentration [M2þ] is also set to
1:0 103mol/L to evaluate formation energies of the
substitutional divalent cations. In this case, the formation
energies of Na0Ca and K
0
Ca at Ca-1 with charge compensating
Hi , which are lowest defect formation energies in Fig. 3, are
used. As stated in Ref. 14), the Pb2þ substitution energy
considerably deviates from the ionic-size dependence,
Table 1 Calculated interatomic distances and coordination numbers from
isolated substitutional Naþ or Kþ to the nearest neighboring atoms.
Distances in nm (Atomic species; Coordination number)
Ca site First NN Second NN
Ca2þ
Ca-1 0.244(O;3), 0.248(O;3) 0.280(O;3)
Ca-2 0:2360:252(O;6) 0.269(H;1), 0.281(O;1)
Naþ
Ca-1 0.250(O;3), 0.255(O;3) 0.292(O;3)
Ca-2 0:2350:257(O;6), 0.243(H;1) 0.298(O;1)
Kþ
Ca-1 0.265(O;3), 0.270(O;3) 0.287(O;3)
Ca-2 0:2500:275(O;6), 0.263(H;1) 0.291(O;1)
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because its covalent bond formation with the surrounding
oxygen atoms. In other words, the chemical bonding state of
HAp can be described by an ionic character of bonding and
thus the ionic-size mismatchs between Ca2þ and M2þ
generally determine the defect formation energies.
From Fig. 4, it seems that the formation energies of Na0Ca
and K0Ca do not scale with the ionic-size differences from
Ca2þ, as found for the substitutional divalent cations. This
may be due to the negative effective charge of the defects. In
the case of the divalent cations, the effective charges of the
defects substituting for Ca2þ are formally zero, so that it can
be expected that the stability of the substitutional defects
generally depends on the ionic size mismatch between Ca2þ
and M2þ. The ionic-size effect could be partly true for the
monovalent cations. However, the negative charges of Na0Ca
and K0Ca undergo electrostatic repulsion with the surrounding
oxygen atoms in HAp, and thus the additional electrostatic
energy expenses will significantly affect the stability of Na0Ca
and K0Ca.
Since the charged defect species in HAp may interact with
each other due to electrostatic attraction, effects of defect
association on the formation energies Na0Ca and K
0
Ca are
finally investigated. It is noted that Hi in this case is bonded
to an OH group arranging along the c axis of HAp. VOH is
also located along the c axis, and thus formation of the
associated defects is spatially possible when Naþ and Kþ
substitute for Ca-2 (see the crystal structure shown in Fig. 1).
In order to evaluate the formation energies of the associated
defects, the defect pairs of Na0Ca-2 þ Hi , Na0Ca-2 þ VOH,
K0Ca-2 þ Hi , and K0Ca-2 þ VOH in the nearest neighboring
configurations are introduced in the 352-atom supercell,
and the relaxed atomic structures and total energies are
calculated.
Table 2 lists calculated formation energies of the associ-
ated pairs at pH ¼ 7. From the energy differences from the
results in Fig. 3, association energies between the defect
species in the associated pairs can be obtained, which are also
shown in the table. It can be seen that the defect association
can decrease the formation energies by about 0.3 eV/defect.
As an example, the relaxed atomic structure of the associated
Na0Ca-2 þ Hi is displayed in Fig. 5. In this structure, Na0Ca-2 is
coordinated by three oxygen atoms and one hydrogen atom
Fig. 3 Defect formation energies of (a) Na0Ca and (b) K
0
Ca against solution pH. Here the Na
þ or Kþ concentration in solution, which is
necessary for the substitution energy calculations, is set to be 1:0 103 mol/L, respectively.
Fig. 4 Defect formation energies per defect species as a function of
experimental ionic radii in the sixfold coordination.6) In this figure, the
formation energies at pH ¼ 7 are used, where the concentrations of the
doping species in the aqueous solution are set to 1:0 103 mol/L. The
quadratic curve is obtained by least-square fitting of the data except for
Pb2þ, Naþ and Kþ.
Table 2 Calculated formation energies of the associated defects at pH ¼ 7
and the association energies. The latter quantities are obtained from
differences between formation energies of the isolated defect species and
those of the associated defects. In this case, the positive values indicate






Na0Ca-2 þHi 0.21 0.37
Na0Ca-2 þVOH 0.62 0.26
K0Ca-2 þHi 0.70 0.21
K0Ca-2 þVOH 0.92 0.30
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at an average distance of 0.229 nm, while further three
oxygen atoms and one hydrogen atom of the OH group are
located at 0.266 nm on average from Na0Ca-2. As also stated in
Fig. 2, the OH group adjacent to Na0Ca-2 is rotated off the c
axis so as to orient the positively charged hydrogen atom
toward the negatively charged Na0Ca-2. Moreover, the H

i
defect is still attached to the OH group to form the H2O
group. It should be noted that the Hi is located between
oxygen atoms of the OH group and the adjacent PO43
group. It can be thought, therefore, that the interstitial proton
is stabilized by forming the hydrogen-bonding network
between OH and PO43.
Especially, the association effect is significant for the
associated pair of Na0Ca-2 þ Hi , and its formation energy of
0.21 eV becomes considerably smaller than the lowest defect
reaction energy of Na0Ca-1 and charge-compensating H

i
without association (0.48 eV at pH ¼ 7) shown in Fig. 3. In
contrast, the associated pair of K0Ca-2 þ Hi also exhibits the
relatively small formation energy of 0.70 eV, as compared
to the value of the K0Ca-1 and H

i pair without association
(0.75 eV at pH ¼ 7). However, the formation energy of the
associated K0Ca-2 þ Hi is still much larger than that of the
Na0Ca-2 þ Hi .
Based on the above results, it can be said that Naþ
substitution in HAp is energetically more favorable than Kþ
substitution. This result is at least in qualitatively agreement
with the fact that the Naþ content in bones and tooth enamels
(0.5–1.0mass%) is generally larger than the Kþ content
(0.03–0.10mass%).1,2) Also, it is found that charge compen-
sation and association with interstitial protons play an
important role for Naþ and Kþ incorporation into HAp. In
order to predict concentrations of substitutional Naþ and Kþ
in biological HAp in more detail, however, it is expected that
the presence of CO3
2 ions should be taken into account. It is
known that CO3
2 is a most abundant trace element in
biological HAp (about 4–8mass%) and substitutes for OH
or PO4
3, which may act as a charge compensating defect for
other trace elements involved in biological HAp.1,2)
4. Summary and Conclusions
First-principles calculations of Naþ and Kþ ions substi-
tuting for Ca2þ in HAp were performed to investigate the
atomic structures and the defect formation energies. Since
the substitutional defects have a negative effective charge of
1, formation of additional charge compensating defects is
required for the defect formation. In this regard, it is found
that interstitial protons can be introduced from the surround-
ing aqueous solution and act as the charge compensating
defect. From the comparison between Naþ and Kþ, substitu-
tional Naþ is more stably formed, which may be partly
related to the fact that Naþ is generally more abundantly
involved in bones and tooth enamels than Kþ.
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